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Let G be a finite permutation group and F a finite field. Let X denote the 
permutation module of G over F and consider X@ X. Throughout this paper 
all tensor products are over the field F. If we take a family of G submodules 
of X and consider the tensor products of these submodules and all their 
possible sums, we get a list of some obvious submodules of X @ X. However, 
it is clear that a list obtained in this manner from a given family of 
submodules of X: for example: from a particular composition series, is not in 
general the full lattice of submodules of X@ X. In this paper we give 
sufficient conditions under which the lattice of submodules of X@ X can be 
obtained in this manner. Examples of families of permutation groups 
satisfying our conditions are given. The complete characterisation of 
permutation groups whose permutation module X is such that the complete 
lattice of submodules of X @ X is obtained from a given chain of submodules 
of X by tensoring and forming all possible sums is difficult. Similar questions 
could be raised for exterior and symmetric powers ofX. The motivation 
behind this problem came from [ 11, where the classification of transitive 
permutation groups of degree p’, p a prime, is considered. We wanted in that 
connection the complete lattice of the submodules of the permutation module 
of the group S,) S,. We show here how this is done in a more general 
situation. 
Now let G be a finite permutation group of degree n and assume that F is 
a finite field of characteristic p such that p divides n. Denote the permutation 
module of G over F by X. Choose an F basis of X as (6, ,..., a,). This set is 
permuted under the action of G. The socle (also the trace.) of X is the one- 
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dimensional module generated by s := 6, + . .. + B,,. The radical (also the 
augmentation ideal) J of X is the submodule 
which is of co-dimension 1. Since p divides n we have that S <J. 
The following definition is due to J. A. Green: 
DEFINITION. The G submodule J/S is called the hear? of the permutation 
module X of G over F. 
See [ 2-61 for results about the heart of a permutation module. 
THEOREM 1. Let X be the permutation module of a permutation group G 
of degree n over a field F of characteristic p such that p divides n. Assume 
the following two conditions: 
(A) The heart H := J/S of X is simple as a G module. 
(B) If?? denotes the group algebra FG. there exists a nonzero element 
r E R such that Jr = S. 
Then the lattice of submodules of X @ X is obtained by taking the tensor 
products and their sums of the submodules in the following composition 
series: 0 < S < J < X. Further there are precisel?) eighteen submodules qf 
x0x. 
Condition (B) of Theorem 1 which is algebraic in nature holds in the 
following combinatorial setup: 
PROPOSITION 2. Suppose that the permutation group G of degree n has 
an element which is a cycle of length n - I. Then Theorem l(B) holds. 
In order to give examples of groups satisfying condition (A) we make use 
of Mortimer (41 where a number of 2-fold transitive permutation groups 
have been listed whose permutation modules have simple hearts. It is well 
known that if G satisfies Theorem l(A), then either G is 2-fold transitive, or 
p = 2 and II = 2m, and G is imprimitive with two blocks of imprimitivity of 
size m (for a proof see Neumann 16, p. 81). Further, if G satisfies the 
hypothesis of Proposition 2, then by a result of Marggraff (Wielandt 
[7, 13.8]), G is 2-fold transitive. Thus using (4, Table I] we have the 
following examples of permutation groups satisfying the hypothesis of 
Theorem 1: (i) the symmetric group of any degree n, (ii) the Mathieu group 
of degree 24. p not equal to 2. (iii) PSL(2. 11) of degree 12. (iv) a 3- 
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transitive subgroup of PTL(2,q). We did not succeed in obtaining an 
example when G is imprimitive. 
We note that for all permutation groups satisfying the hypothesis of 
Theorem 1, the lattice diagrams of X@ X are isomorphic. We have given in 
the next section the list of the eighteen submodules of X @ X. We observe 
that there is a natural symmetry in the lattice of submodules. From this we 
obtain 
COROLLARY 3. Let G be a permutation group satisx:ing the hypothesis 
qf Theorem 1. Then for the group G l Sz the lattice of submodules of its 
permutation module consists of those submodules of X@ X which are 
invariant under a “switching” by the involution generating the group ST. (A 
typical such element is X 0 S + S @ X.> 
We remark that in Mortimer [4 ] a more general definition of the heart of 
a permutation module is given to include the case of permutation groups 
where the characteristic of the field does not divide the degree of the 
permutation group. We can easily extend our results in the context of this 
more general definition. 
PROOFS 
We use the notation introduced immediately before the statement of 
Theorem 1. Recall that the socle S of the permutation module X is generated 
by the element 6, + ... + 6, which is denoted by s. 
Proof of Proposition 2. By hypothesis there exists a permutation cr E G 
which is a cycle of length n - 1. Without loss in generality the element cr can 
be taken to be the cycle (12 . .. n-l).Nowdefinertobe l+a+...+o”~‘. 
Then r is a nonzero element of the group algebra R = FG. We have 
(1) for ifn, 6,r=8,+...+6,_,=~-6,~. Also, 
(2) 6,r = (n - 1) 8, = -8,, because the characteristic of F divides M. 
Put r = -r. Now if C airYi is any element of the permutation module X, we 
have, using (1) and (2), 
=- ( 1 1 ai (s-8,)+Crn6,. i=l 
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So in particular if Cr=, aI = 0, that is, if C ui 6, belongs to the radical J. the 
above equation gives 
c i v ai7Yi r = u,~(s - 19,~) + a,i?,, = a,s. 
Hence Jr < S implying that Jr = S. m 
An F basis of the radical J can be taken 10 be the set (~1, . .. . . u,_, i, where 
uj .- ‘ s and u , := 6, - 6, for 2 < i < n - 1. In Lemmas 4 and 5 we analyse 
the structure of the submodules of JO J. 
LEMMA 4. Assume that X satisJies the hypothesis of Theorem 1. Let M 
be a proper submodule of JO J. Then 
(i) tf M is not a proper submodule of S 0 J, then J 0 S is a 
submodule of M. 
(ii) If M is not a proper submodule qf J 0 S, then S @ J is a 
submodule of M. 
Proof. (i) Suppose M is not a submoduie of S @J and pick an element 
m in Mj(S @ J). We can write m in the form m = u, @ y, + ‘.. i- 
u il-, 0 ?‘:,-I. where yiEJ for l<i<n--1. As uI=s and m does not 
belong to S 0 J. it follows that ?jk is nonzero for some k > 1. By condition 
(B) of the hypothesis of Theorem 1. there exists a nonzero element I’ E R 
such that Jr = S. So yir = ii for some ii E F, I < i < tz - i. Note that ;Ik is 
nonzero. If follows that 
Thus mr = u @ , where II E J\S since 2, is nonzero for some k > 1. SO the 
element mr belongs to the intersection of M and (J’s S)\(S @ S). Now if 
J@ S is not a submodule of M, then the chain of submodules 
S@S<hln(J@S)<J@S 
can be refined to a composition series which is a contradiction, because 
JO S/S 0 S z H@ F, where H denotes the heart. This proves ii) and by 
symmetry (ii) is proved. m 
LEMMA 5. Assume the hqrpothesis of Theorem 1. Therz the onlv proper 
submodules ofJ@Jare SOS. J@S, S@J. J@S+S@J. 
Prooj Let M be a proper submodule of J@ J. If M is a submodtile of 
both J 0 S and S @ J, then clearly M = S @ S. If M <J 12 S and M is net a 
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submodule of S @J, then by Lemma 4(i) we have that M = J@ S. Similarly, 
if M< S @J and M is not a submodule of J@ S, then M= S @J. Finally 
suppose that hl is a submodule of neither S @J and nor S @ J. Then by 
Lemma 4(i) and (ii) we have that M > S (3 J + J@ S. Now J@ J/J@ S + 
S@JzJfaJ/J@SzF@H, So it follows that J@S+S@J is a 
maximal submodule of J@ J. Hence M = JO S + S @ J. I 
Assume that the hypothesis of Theorem 1 is satisfied. We could write a list 
of submodules of X @ X quite easily but it is a task to prove that the list is 
exhaustive. Using the techniques developed in this section we can write down 
the complete Iattice of the submodllles of X@ X. We omit the details of the 
arguments to avoid repetitions. There are just eighteen proper submodules of 
X@.;y:S@S,J@S,S@J.X@S,S@X,S@J+J@S,J@J,S@Xt 
X@S, J@S+S@X, S@J+X@S, J@S+S@X, J@J+X@,)Z. 
J@X,X@J,X@S+S@X+J@J,X@S+J@X,S@X+X@Yand 
X@J+J@X. 
Remark. We observe a natural symmetry in the lattice of submodules of 
X @ X. Any composition series of X @ X has nine composition factors. If we 
take a composition series of X @ X obtained from the list given above, and 
add up the dimensions of the factors, we can chefk that the total is always 
equal to (dim J + 1)‘. This is also the dimension of X @ X as we expect and 
so we have a check on our list. 
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